Here we present a semiclassical analysis of spontaneous and stimulated radiative emission from unmodulated and optically-modulated electron quantum wavepackets. We show that the radiative emission/absorption and corresponding deceleration/acceleration of the wavepackets depend on the controllable 'history-dependent' wavepacket size. The characteristics of the radiative interaction when the wavepacket size (duration) is short relative to the radiation wavelength, are close to the predictions of the classical pointparticle modeling. On the other hand, in the long-sized wavepacket limit, the interaction is quantum-mechanical, and it diminishes exponentially at high frequency. We exemplify these effects through the scheme of Smith-Purcell radiation, and demonstrate that if the wavepacket is optically-modulated and periodically-bunched, it exhibits finite radiative emission at harmonics of the modulation frequency beyond the limit of high-frequency cutoff. Besides, the radiation analysis is further extended to the cases of superradiant emission from a beam of phase-correlated modulated electron wavepackets. The features of the wavepacket-dependent radiative emission explain the classical-to-quantum theory transition, and indicate a way for measuring the quantum electron wavepacket size. This suggests a new direction for exploring light-matter interaction.
Introduction
Accelerated free electrons emit electromagnetic radiation when subjected to an external force (e.g. synchrotron radiation [1] , Undulator radiation [2] , Compton scattering [3] ).
Radiation can also be emitted by currents that are induced by free electrons in polarizable structures and materials, such as in Cherenkov radiation [4] , transition radiation [5] , Smith-Purcell radiation [6] . Some of these schemes were demonstrated to operate as coherent stimulated radiative emission sources, such as Free Electron Lasers (FEL) [7] [8] [9] , as well as accelerating (stimulated absorption) devices, such as Dielectric Laser Accelerator (DLA) and Inverse Smith-Purcell effect [10] [11] [12] .
The stimulated radiative emission of an ensemble of electrons (an electron beam) is coherent (to the extent of coherence of the input radiation wave being amplified). The spontaneous emission of an electron beam in any of these radiation schemes is incoherent, unless the particles are made to emit in phase with each other. This can be done by pre-bunching the beam. In this case, the radiative emission is proportional to N 2 -the number of electrons squared (while the emission of a randomly distributed electron beam is proportional to N). This coherent spontaneous radiation process is analogous to Dicke's superradiance of atomic dipoles [13] . It has been extended in the classical limit to the case of bunched electron beams, employing a general formulation that is applicable to the wide variety of the aforementioned free electron radiation schemes. [14] .
Most of the free electron radiation schemes of emission or acceleration operate in the classical theoretical regime of electrodynamics, where the electrons can be considered point-particles and the radiation field is described by Maxwell equations (no field quantization). However a variety of free electron radiation schemes [15, 16] , and particularly FEL [e.g. Refs: 17, 18, 19] have been analyzed in the framework of a quantum model in which the electron is described in the inherently quantum limit -given as a plane-wave quantum wave function -the opposite limit of the point-particle classical presentation. Quantum description of the electron wavefunction is also used in another recently developed research field of electron interaction with radiation: Photo-Induced Near-Field Electron Microscopy (PINEM) [20, 21] In this scheme a single electron quantum wavefunction interacts with the near-field of a nanometric structure illuminated 3 by a coherent laser beam. Of special relevance for the present discussion is a recent PINEM-kind experiment of Feist et al [22] , in which it was demonstrated that optical frequency modulation of the energy and density expectation values of a single electron wavepacket are possible in this method.
All these theoretical models and experiments in the classical and quantum limits of the electron description raise interest in the theoretical understanding of the transition of the electron-radiation interaction process from the quantum to the classical limit. This is also related to deeper understanding of fundamental physics questions, such as the particlewave duality nature of the electron, [23] and the interpretation and measurability of the electron quantum wavepacket.
The wavepacket regime of electron interaction with radiation is not well founded in theory. Recent experimental study of spontaneous Compton scattering by the expanding wavepacket of a single electron, revealed no dependence on the wavepacket size and history, as also was predicted by a theoretical QED analysis of this problem [24] [25] [26] . We assert, though, that this conclusion does not carry over to the case of stimulated interaction (emission/absorption or acceleration/deceleration). We have shown in an earlier publication [27] that the classical phase-dependent acceleration/deceleration of a single electron in the point-particle limit is valid in a certain operating range also in the quantum-wavepacket regime. The momentum transfer from the field to the wavepacket (acceleration) is smaller than in the point-particle limit, and it diminishes in the inherent quantum limit, where the wavepacket size t  exceeds the optical radiation period T2   of the interacting radiation wave
Thus, measurements of the electrons energy spectrum after interaction with radiation waves at different frequencies would enable determination of the history-dependent wavepacket size.
In the semi-classical analysis of electron wavepacket interaction with radiation [27] the wavepacket-dependent energy (momentum) acceleration/deceleration of the electron was 4 calculated using first order analysis and exact numerical solution of Schrodinger equation. Evidently, such a change in the electron wavepacket energy must involve also corresponding change in the energy of the interacting radiation wave. In the present article, we examine this energy exchange process on the side of the radiation field, again using a semi-classical formulation, in which the electron current density is represented by the expectation value of the wavepacket probability density distribution, and the radiation field is classical, and modeled in terms of a modal expansion formulation of classical Maxwell equations. The following analysis results in full agreement with the earlier Schrodinger semi-classical analysis and presents the same distinction between the quantum, classical and wavepacket interaction regimes. Further, here we also present for the first time expressions for the spontaneous and stimulated emission from a modulated electron wavepacket and from an ensemble of unmodulated or modulated electron wavepackets.
In the following sections, we present a detailed semi-classical theory for wavepacketdependent radiation of single electron and electron beams. In section "Modeling and
Methods", we derive the probability density current of an unmodulated and modulated electron quantum wavefunction from its Schrodinger Equation solution. We then use these current expressions to find the spectral optical parameters of the emitted radiation 
Modeling and Methods
Here, we present a semi-classical analysis of spontaneous, superradiant and stimulated superradiant emission by modulated and unmodulated electron quantum wavepackets and multi-particle beams.
A proposed scheme for measuring spontaneous and stimulated radiation emission and electron energy spectrum of an electron wavepacket is shown in Fig. 1 . This interaction scheme, based on the Smith-Purcell radiation effect was used in [27] to calculate the wavepacket-dependent electron energy spectrum due to radiative interaction with an input radiation field, injected into the interaction region above the grating, in controlled phase correlation with the incoming electron wavepacket. The wavepacket size depends on the drift time from the cathode to the grating. Here we include also optical light detection for measuring the spontaneous and stimulated emission from the electron wavepacket. Fig. 2 shows schematically an elaboration of the first scheme, including an energy modulation region where the electron wavepacket traverses the near field region of a tip illuminated by a laser tip [22] , and gets energy-modulated at the frequency b 0<z<L G above the grating, it interacts with the near-field of an "input radiation wave" at a frequency 0  near the frequency of the "modulating wave" or its harmonic frequency0b  l . Under the force field of the "input wave", the modulated electron wavepacket experiences acceleration/deceleration, and exhibits a corresponding stimulated radiationemission/absorption, depending on the phase difference between the "input wave" and the "modulating wave". According to classical electrodynamics analysis, the electron wavepacket can emit spontaneously radiation, also when the "input wave" is turned "off", at harmonics of the modulation frequency, beyond the frequency cut-off condition (1) of an unmodulated wavepacket. 
Semi-classical derivation of the probability density current of an electron quantum wavepacket
We model the electron wavefunction after its emission from the cathode by a Gaussian wavepacket in momentum space . Substitution of (4) and (3) in (2) The expectation value of the free drifting electron current density can be written in terms of the expectation value of the electron probability density
In our 1-D model, the axial current is
where , and further assume that the electron wavepacket dimensions hardly change along the interaction length:
Further elaboration is required for describing the wavepacket evolution at the modulation region in the case shown in Fig. 2 As in the case of the unmodulated wavepacket (eq.5), we obtain the spatial evolution of the wavepacket in real space away from the tip ( c zL  ) by substituting (10) in (2): 
L L L is the drift length from the modulation point to the grating (see Fig. 2 ). We also show the projected density distributions in both momentum and spatial spaces in Fig. 4 . The shown distribution parameters are 0 0.7, 2 11.4  g  , in correspondence to Feist's experiment. [22] The Wigner function in phase-space demonstrates the turning of momentum modulation into the tight density micro-bunching at an estimated optimal drift time [36] [22] . Classically, we can write then the current density distribution in the interaction region, defined in the coordinates range
where 0 t is the modulation reference time at the entrance to the interaction region z=0.
Assuming again that the wavepacket dimensions hardly change along the interaction region, and the function 
where l denotes the l-th order harmonic.
Substituting (11) in (14) we derive in Appendix A the coefficient B l of the Fourier series expansion after a drift time
where
, and we kept the dependence on the initial phase 0  , which is important for the subsequent extension of the analysis to the multi-particle case, where all particle wavepackets are modulated. 
Formulation of the spectral optical parameters -Radiation mode expansion
We now turn to calculate the radiation emission by the current of a beam of electron quantum wavepackets. We base our analysis on a general radiation-mode excitation formulation for bunched beam superradiance [14] . The radiation field excited by a general finite pulse of current   , Jr is expanded in the frequency domain in terms of a set of orthogonal directional transverse modes
E r H r that are the transversely confined homogeneous solution of the electromagnetic wave equations of free space or a source-less guiding structure
where   q C , z  , the slowly growing field amplitude along the propagation direction (z) of a radiation mode q at spectral frequency  is derived from Maxwell equations [14] . The increment of the field amplitude of mode q is
is the normalization power of mode q.
The spectral radiative energy emission per mode, derived from Wiener-Khincine theorem (see Appendix B), is given (for ω>0) by
Substituting (18) in (19) , the emitted spectral radiative energy per mode can be written in terms of three parts
where the first term is the spectral energy of the input radiation wave; the second term corresponds to radiation emission independent of the input wave -random spontaneous 
We use eqs. (9) for the current of the unmodulated electron wavepacket, and then, after
Fourier transformation (using   
where we defined here an overlap integral parameter (analogous to "matrix element" in spatial space)
Substituting (23) in (21) (26) Then the axial integration in (eq.24) can be carried out
where we defined a normalized coefficient describing the transverse overlap between the field of the radiation mode and the electron wavepacket     
is the electron/radiation-wave synchronism (detuning) parameter. In these terms, the spontaneous emission and stimulated emission are given by (30) In terms of the continuous spectral formulation (eq. 17) and spectral normalization of (eq.18) for 0   , this corresponds to (see Appendix C):
Then from integration of eq. 21 over ω, the incremental stimulated-emission radiation energy from a single electron wavepacket is
where 00 ()     . This radiative energy gain/loss is in complete agreement with the energy loss/gain of a single electron quantum wavepacket as calculated semi-classically by the solution of Schrodinger equation in [27] . It is also consistent with the classical point-particle limit [14] 
This universal relation is only valid in the classical point-particle limit and in the quantum to classical transition range of the wavepacket t 1   . In the opposite, inherent quantum wavepacket limit, t 1  (eq.1), both stimulated and spontaneous emission expressions vanish. Note that this semi-classical "Einstein relation" between classical spontaneous emission and stimulated emission is different from the classical limit relation between stimulated emission and quantum spontaneous emission derive in
[15] in a QED model. Of course, the semi-classical analysis of an electron wavepacket cannot produce the quantum spontaneous emission. This aspect is addressed in a companion article based on QED formulation [28] .
It is instructive to observe that the proportionality coefficient in eq. 33 can be related to 
C. Modulated quantum wavepacket
Secondly, we consider the case of a modulated electron wavepacket. In the case of a modulated wavepacket, using (eqs.14-15,22) one gets Using eq. 35 in eq. 21, the expressions for spontaneous emission by a single electron modulated wavepacket is: 
D. Smith-Purcell Radiation (SPR) -An Example
A vivid presentation of radiation emission extinction and revival effects of a modulated quantum electron wavepacket is presented here for the case of the Smith-Purcell radiation experiment as shown in Figure 1&2 
The angle q  is the 'zig-zag' angle of mode q in a waveguide structure. We use in (eq. In Fig.5b , we show the expected SPR spontaneous emission spectrum of an unmodulated electron wavepacket in a set-up shown in Fig. 1 . The plot shows that at low frequencies 
Here the first order SPR harmonic is partly cutoff, the second order harmonic is barely observable and higher harmonics are extinct.
However, a more dramatic change in the spectrum takes place when the wavepacket is modulated (the "modulating laser" in Fig.2 is turned "ON"). In this case the wavepacket bunching factor   
Evidently a spectral diagram similar to Fig.5-6 , with cutoff effects and re-emerging spots (in case of a modulated beam), would be measured in the incremental energies of the radiation wave and the electrons when the incident laser beam is scanned over wavelengths  and incident angle  . 
II. Radiation of multi-electron wavepacket beams
Beyond the single electron radiation cases, we now consider the radiation of a multiparticle wavepackets beam (
N
). Radiation measurements with single electron wavepacket would be challenging experiments. To get significant wavepacket-dependent measurement, repeated experiments must be performed with careful pre-selection filtering, to assure similarity (or identity) of the wavepackets in successive measurement experiments [38] . We now consider the case where we measure at once a pulse of electron wavepackets that may be correlated at entrance to the radiative interaction region (see Fig. 7 ). Now, assume that the e-beam is composed of electron-wavepackets whose current density distribution is given by     
E. Quantum electron wavepackets beam
We go back to eqs. 
where the single electron spontaneous and stimulated spectral energies are given in (29) .
It is evident that when the electron beam pulse is longer than the radiation optical period pulse T2      , and t oj are random, all the phasor terms in (52B) and all the mixed terms in (52A) interfere destructively. One gets then no average stimulated-emission (and no average acceleration) of the random electron beam, but there is a resultant "classical spontaneous emission" (Shot-noise radiation) of the beam, originating from the diagonal terms in the product in Eq. 52A. Using (29A)
Namely, the spontaneous emission from N particle is N times the spectral emission from a single electron. In consideration of the high frequency cut-off of the single electron spontaneous emission Eq. 1, one concludes that spontaneous "shot-noise" radiation of an electron beam is not "white noise", but diminishes in the quantum limit t 1  [30] .
In the opposite limit of a short electron beam pulse relative to the optical period 
F. Modulated-wavepackets electron beam: Superradiance
Consider a case where all electron wavepackets in an electron beam pulse are modulated in phase correlation by the same coherent laser beam. In this case, the modulated currents of the wavepackets in the pulse (eq. 14) are also correlated, and their radiation emissions in the interaction region are phase correlated as well (see Fig. 7 ).
Assume that the expectation value of the electron wavepackets probability density of an ensemble of N electrons is modulated coherently at frequency b  by a laser beam, as shown in Fig. 2 ; the single electron wavepacket density function in (14) Fig. 2 we expect to get a spectrum similar to the one shown in Fig. 6 but the radiated energy would be enhanced by a factor of N, and the spectral linewidth would be narrower by a factor pulse t   .
Another interesting observation is that the dependence on the wavepacket size disappeared altogether in (61). In fact, the emission is the same as the superradiant emission of a bunched point-particle beam [14] . Here is another expression of the waveparticle duality nature in spontaneous emission -no distinction between the spectral superradiant emission of a bunched point-particles beam and a pulse of phase correlated modulated wavepackets, even if the electron beam is tenuous and the wave packets are sparse and random (we do not rule out the possibility that the photon statistics may be different).
It is also interesting to point out that the configuration of bunching the electron wavepackets by a laser and measuring their superradiant emission at the laser modulation frequency shown in Fig. 2 is reminiscent of the Schwartz-Hora experiment [31] and its interpretation by Marcuse [32] as coherent cooperative optical transition radiation.
According to Marcuse the signal to noise calculation, based on his model and the reported experimental parameters, is below the measurable level in the parameters of the experiment [32] , and unfortunately there is no independent experimental confirmation of this effect. We suggest that the Smith-Purcell radiation scheme of Fig. 2 will be a more efficient radiation scheme for observing superradiant emission from a laser modulated electron wavepackets beam. 
Modulated-wavepacket electron beam: Stimulated Superradiance
In stimulated interaction (acceleration/deceleration) of a pulse of modulated wavepackets we sum up the incremental energy contributions   In this article, we studied the spontaneous and stimulated radiation process of a single free electron wavepacket, as well as the superradiance processes in an ensemble (beam) of electron wavepackets. This analysis was carried out in the framework of a semiclassical model, in which the free electron charge density is represented by the expectation value of the probability density of wavefunction, and the radiation field is taken to be the classical field solution of Maxwell equations (solved in the framework of a mode expansion model). This work is complementary and fully consistent with our earlier analysis of stimulated interaction (acceleration/deceleration) of a single electron quantum-wavepacket, based on solution of Schrodinger equation for the electron interacting with a coherent classical (laser) field [27] . Based on the complementarity and consistency of the two independent formulations, we made the following observations, as listed in Table 1: A. The single electron spontaneous emission and stimulated emission/absorption processes satisfy a wavepacket size-dependent cut-off frequency condition t 1/    (eq. 1) (row 2 in Table 1 ). However, if the wavepacket is densitymodulated, these radiative processes can still take place beyond the cutoff condition around harmonics of the wavepacket modulation frequency (row 2 in Table 1 ). [24] [25] [26] or wavepacket self-interference [33, 34] , cannot provide such information.
It is noted that semi-classical analysis of spontaneous emission is not consistent with conventional QED theory. The semiclassical analysis produces results consistent with the classical point-particle limit theory of shot-noise spontaneous emission and superradiant emission from an electron beam [14] , but it cannot produce the quantum spontaneous emission expressions that are derived in the quantum limit of an electron plane-wave function [15, [24] [25] [26] . However, the semiclassical expressions of stimulated interaction of free quantum electron wavefunction are fully consistent with QED [28] . Measuring stimulated interaction of single electrons is feasible with recent significant advance in controlled generation, manipulation and modulation in real space and time of single electron quantum wavepackets [35] [36] 22] . Since neither electron energy spectrum, nor radiation emission spectrum of a single electron are possible, an experiment of measuring the wavepacket dimensions requires multiple single electron experiments under the same conditions, including preselection of the electron wavepackets in space and time domains before entering the interaction region, in conditions similar to weak measurements [38] .
Finally, we have also analyzed the case of spontaneous and stimulated superradiance from an ensemble (multi-particle beam) of modulated electron wavepackets, which are phase-correlated when modulated by the same laser (rows 3, 4 in Table 1 ). Quite interestingly, a beam of phase-correlated modulated electron wavefunctions radiates superradiantly like a classically bunched point-particles beam, even if the modulated wavepackets are injected at random and sparsely relative to the optical period.
Unfortunately, in this case, the resultant radiation spectrum does not reveal anymore the individual quantum properties of the electron wavepackets. 
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